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Abstract 

In this paper we are going to consider a completely antisymmetric tor- 
sion to build metric-compatible connections in conformal gravity, in which 
then gauge potentials are added; this establishes a geometric background 
that will be filled with Dirac spinors: such kinematic construction shall be 
endowed with a system of field equations. The resulting dynamics will be 
worked out to yield the system of field equations in which torsional effects 
are converted into spinorial self-interactions: in particular the massless 
spinors shall display self-interactions of a specific form that enables them 
to have most of the features they have in the non-conformal theory but 
with the additional character of renormalizability. Particular behaviours 
and interactions will be investigated. Further remarks shall be sketched. 

Introduction 

When developing a geometry based on any symmetry, both for its basic quan- 
tities and all of their derivatives, one is compelled to introduce an object called 
connection and indicated with where the A and B indices refer to the un- 
derlying symmetry while the index fj, refers to the spacetime; this is true in 
general, but for the spacetime itself the underlying symmetry is a spacetime 
symmetry, and since the connection F^^ has all indices of the same type it is 
possible to calculate its antisymmetric part F^^ — F^^ = which in the most 
general instance is different from zero and it is called Cartan torsion tensor. 

In the past, despite that in the most general case torsion is different from 
zero, there have been attempts to show that torsion should vanish because of 
some principle, such as the principle of equivalence [T]: the principle of equiv- 
alence spells the equivalence at a local level between frames and gravity in the 
sense that locally the effects of inertial accelerations can be simulated by gravi- 
tational acceleration, or equivalently that locally the effects of an inertial accel- 
eration can compensate the gravitational acceleration; since the widely known 
Weyl theorem states that locally there exists a system of reference in which the 



symmetric part of a connection can be vanished, the principle of equivalence 
can be realized by Weyl theorem, so long as we think the symmetric part of the 
connection as where the gravitational information is stored, if the connection 
has a single symmetric part, which is certainly the case if torsion vanishes, but 
we do not need to require so much as the vanishing of the whole torsion, since a 
completely antisymmetric torsion would be enough [21 13111] • Therefore in order 
to have the principle of equivalence implemented we do not need to have the 
vanishing of torsion but only on the complete antisymmetry of torsion itself. 

Another reason for which the spacetime is important is that, because of its 
dimensionality, the usual actions written in terms of curvature-squared terms are 
conformally invariant: conformal invariance is intriguing because gravitational 
or gauge actions are uniquely defined by the conformal invariance, as discussed 
by Weyl, the scale symmetry is related to the property of renormalizability, 
as discussed in [5], their projective structure allows to address the cosmological 
constant problem without dark energy, as in [SlIJi ^-iid to fit the galactic rotation 
curves without any form of dark matter, as in [HI [9]; a theory of gravitation with 
conformal invariance might suffer the problem that the universe appears not to 
possess such a symmetry, but these arguments can be circumvented as soon 
as a mechanism of gravitational spontaneous conformal symmetry breaking is 
introduced, as it has been addressed in [T^ and more in detail in 

If we want to stay in the most general situation, then torsion has to be con- 
sidered, and if we want to implement the principle of equivalence a completely 
antisymmetric torsion is to be taken; and if we want to study the peculiar cir- 
cumstances provided by the conformal symmetry, then the conformal invariance 
must be implemented as well: so completely antisymmetric torsion with confor- 
mal transformation must be assigned. There are two types of conformal trans- 
formations, as discussed in [12_, that is the strong conformal transformation, 
which is the case in which torsion is assumed to have a general conformal trans- 
formation of the form discussed in |13| . and the weak conformal transformation, 
which is the case in which torsion does not have a conformal transformation com- 
patibly with the fact that torsion is essentially independent from the metric for 
which the conformal properties are defined: in fact the strong conformal trans- 
formation is entirely loaded onto the trace vector part, and since in a conformal 
theory it is meaningless to require the vanishing of something that is not con- 
formally invariant then it is impossible to have a vanishing trace torsion vector, 
and therefore this case would no be compatible with the irreducible completely 
antisymmetric torsion tensor we want to consider; completely antisymmetric 
torsions can only be compatible with the weak conformal transformations, that 
is no conformal transformation at all. In the present paper, we shall study the 
properties of a completely antisymmetric torsion tensor conformally invariant. 

1 Axial Torsion in Conformal Gravity with 
Electrodynamics for Dirac Spinors 

In the present construction we refer for the introduction of the general formalism 
and definitions to [13], although in the following we will anyway recall many of 
the most important concepts. We begin by recalling to the reader that the 
completely antisymmetric torsion is also called axial torsion because, once the 
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completely antisymmetric Levi-Civita tensor EauTra is introduced, the completely 
antisymmetric torsion Qp^^ can equivalently be written in terms of an axial 
torsion vector according to the relationship given by 

Qaf2U — ^afiua^^ (1) 

SO that, taking into account the usual Levi-Civita connection AJ^^ we have 

r^M = lff"%/3/^-W^'' + A^,. (2) 

as the most general decomposition of the connection we will consider in this 
paper, and as we have anticipated, the torsion Q"^^ originally defined with the 
first upper index and the last two lower indices has no conformal transforma- 
tion while the metric has the usual form of conformal transformation, so that 
the most general connection and the simplest Levi-Civita connection have the 
same conformal transformation; the most general connection defines the most 
general covariant derivative while the Levi-Civita connection defines the 
Levi-Civita covariant derivative for which we have that the following rela- 
tionships Df^gap = V^gap = and D^Spp^^ = VpEp^pcr = hold and they are 
called metric-compatibility conditions: because of the connection decomposed 
according to Q and these conditions, we have that the connection has its only 
symmetric part entirely written in terms of the metric, and therefore the lo- 
cal system of coordinates in which the symmetric connection vanishes and that 
where the metric is constant are the same, so that we may interpret the metric 
as what contains the gravitational information, and Weyl theorem expresses the 
principle of equivalence as we desired, and as was discussed in [21 OH]. 

Now an equivalent formalism may be introduced, in which the metric is 
written as gai, — e^&\,Tlpi in terms of the constant Minkowskian metric 77^ and 
a basis of vierbein ej^ and such that with them, the previous connection ^ can 
be transformed into the spin-connection uf'^^ according to 

'^V =eUr^ae^ + 5aep (3) 

where the relationship w*^^ — ^ states the antisymmetry of the spin- 

connection; the relationship ([3]) and the antisymmetry of the spin-connection 
are respectively related to D^e^ = V^e^ — and Df^ijij — V p,r]ij = known as 
coordinate-Lorentz compatibility conditions, since they establish that the previ- 
ously defined coordinate formalism with Greek indices and the present formalism 
with Latin indices are such that at any diff'erential level they are equivalent. 

The reason for which such an equivalent but dififerent formalism has been 
introduced is that with it the most general coordinate transformations are re- 
placed by the Lorentz transformations, and since they have a specific form then 
they can be written explicitly, and possibly in terms of other representations 
such as the complex one, and since complex representation of the Lorentz trans- 
formation will act on complex fields, then the geometry of complex fields is 
given in terms of a connection known as gauge connection Ap that will serve 
to introduce the gauge covariant derivatives; we are not going to spend more 
words on this subject as this is what is usually done in abelian gauge theories. 

Now, an explicit representation of the complex Lorentz transformation can 
be achieved through the introduction of the 7a matrices verifying the Clifford 
algebra {7a, 76} = 'ilrjab from which it is possible to define the (Tab matrices 
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defined to be (Tab = l[la,lb] such that {7a,Tbc} = iSabcdlY as the complex 
generators of the complex representation of the Lorentz algebra, and from which 
with ([31) it is possible to define the most general spinorial-connection as 

ftp = iw'^^Ty- - iqApl (4) 

in terms of the parameter q known as the charge of the spin-i spinorial field, 
and through this spinorial connection we may define the spinorial covariant 
derivatives as usual; then -D^7a ~ ^p-la = is automatically accomplished. 
From the connection ^ it is also possible to define the curvature as 

G"^^^ = d,rl^ - d^Tl + TP^ri^ - rp,r-^ (5) 

antisymmetric in both the first and second pair of indices, and thus with one 
contraction given as G^^p^ = G^^ with contraction Gri^g^'^ = G and it is also 
possible to define the purely metric curvature as given by the following 

R'^,, - d,Al^ - d^Al^ + K^Kl, K^Kl^ (6) 

antisymmetric in both the first and second pair of indices and symmetric for a 
switch of the first with the second pair of indices, with one contraction given 
according to R'' ^p,^ = Rp,v symmetric with contraction R^i^g^'^ — R such that 

-j{WpW[^g^]^ - W^W[^g^]p) + ^W^igp[pg^]^ - 9i[t.9u]p) (7) 

is the decomposition in terms of the axial torsion and where the connection con- 
formal transformations induces the curvature conformal transformations them- 
selves, and it is called Riemann curvature tensor: now from these curvatures it 
is possible to define other curvatures that have the same symmetries for indices 
transposition but which are irreducible according to 

Wap^iv = Gal3fj.u — ^{G a[f_tgiy]l3 " Gp[f^g^]a) + J2 G{ga[fj_g^]i3 — (/^[^iffzyja) (8) 

and also according to the purely metric counterpart 

Gapfiiy — Ral3p.u — ^{Ra[ti9i^]P — Rl3[tigu]a) + ^(.9q[p5i>];9 " 9l3[fi9u]a) (9) 

related through the decomposition 

Wal3f_iL' = CaPfiv + 5 [£al}e[ti9v]p " 5 ape[p,9v]l3 ~ P pe\ii9 v\c)\ VVK^ (10) 

in which due to the derivatives of the axial torsion, WaSip.v is not conformally 
invariant even though Gafip.v is conformally invariant, and this is what is known 
as the Weyl curvature conformal tensor. The reason for this has to be tracked 
back to the implicit presence of torsion within the curvature, and in particular 
to the fact that there are derivatives of torsion, beside squared torsion terms, 
in the curvature, and thus in the irreducible curvature itself: whatever confor- 
mal transformation is used, the derivatives of torsion would always transform, 
spoiling for Wafip.v the conformal invariance that for GaPfiy was ensured. 

Now a solution could be obtained by adding to the curvature Gai3^w some 
piece in terms of torsion getting a modified torsional-curvature Mapf^i, in which 
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the simultaneous presence of torsion implicitly through GaPfiiy and explicitly 
added would provide the cancellation of all extra terms during the conformal 
transformation, leaving MaPfiy such that its irreducible part Ta/3p,i, would be 
conformally invariant: in |13| the solution we found for strong conformal trans- 
formations consisted in adding to Gajjfiy some squared torsional contributions, 
in order to get an Map^v in which the non-conformal transformation of the 
derivatives of torsion and that of all squared torsion contributions combined 
cancelled away, so to have Tap^u conformally invariant; but in the present pa- 
per there is no trace torsion vector nor conformal transformation that would 
provide that particular squared torsion correction nor any possible cancellation, 
and therefore we can only add to GaPfiv some derivatives of torsion, beside 
eventual squared torsion pieces in terms of a and b parameters, as in the form 

+ j{WaW[^g^]fi - WpW[^g^]o,) + ^W^ig^^^g^^p - g/3[^g^]a) (11) 
whose irreducible part becomes 

where the derivatives of torsion cancel out, independently on all squared torsion 
contributions in terms of a and h parameters, and so TaPfiv is indeed conformally 
invariant, although the fact that it reduces to CaPfiv that is the Weyl curvature 
conformal tensor implies that the correction is somewhat trivial. Therefore it 
seems that in the case of axial torsion with no conformal transformations, the 
most general curvature that is conformally invariant is the Weyl curvature itself. 

Before proceeding, we have also to recall that for the gauge connection the 
gauge curvature is defined as = V^Aj^ — Vj/A^ antisymmetric and thus 
irreducible, and as the gauge connection is usually assumed to have a trivial 
conformal transformation it follows that the gauge curvature is conformally in- 
variant automatically; notice also that this definition of gauge curvature does 
not have to be generalized up to the definition given in terms of the full con- 
nection, according to the discussion outlined in [3], and so there is no torsion in 
the gauge curvature, and torsion and gauge curvature are independent as well. 

Finally, what transforms according to the complex representation of the 
Lorentz transformation, or spinorial transformation, is defined to be the spinor 
field ?/; whose conformal transformation is given by ■;/; — >■ a^^tp as usual. 

2 Cartan-Weyl-Maxwell-Dirac Field Equations 

We have seen in the previous section that all effort to follow the line of [13] and 
get a curvature that is conformally invariant, in the case of axial torsion with no 
conformal transformations brings the most general of such curvatures back to 
the torsionless curvature with conformal invariance known as Weyl tensor, and 
so Cartan torsion and Weyl curvature are independently conformally invariant 
and separated at a kinematic level. However, if in |13j the strong conformal 
transformations allowed us to employ torsion to modify the Weyl curvature as 
to achieve its conformal invariance but also forbade torsion to explicitly appear 
in the action without spoiling its conformal invariance, here the weak conformal 
transformation that keeps Cartan torsion and Weyl curvature separated also 
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allows Cartan torsion to explicitly enter beside Weyl curvature in an action 
that is still conformally invariant; nonetheless, it is easy to see that there is 
no possible product of Cartan torsions and Weyl curvatures that could enter 
in the action preserving its conformal invariance, and Cartan torsion and Weyl 
curvature will be separated also dynamically. To define the dynamical features 
of the model, we have to take into account the fact that no derivative of the axial 
torsion should characterize the action: the first reason for this is that we have 
already seen that derivatives of the axial torsion are not in general conformally 
invariant, although this problem might be circumvented by the fact that there 
are many of such term, each entering with its own coupling factor, for which a 
fine-tuning may restore conformal invariance; a second reason for this consists in 
the fact that any derivative of torsion would result into dynamical torsional field 
equations, allowing torsion to propagate out of matter, but there are stringent 
limits for the presence of torsion in vacuum |14j . If we want no derivative of 
torsion in the action, then |T4^"VFq,| is the only axial torsion term that defines 
an action with conformal invariance; the term Cap^vC"'^^'' defines the action 
with conformal invariance for gravitation as usual: therefore we have that 

^-gravity = / i {ikqW^W^W p + kaCo^pt^.C^'f't''') VWldV (12) 

in terms of the two constants kg and kc is a gravitational action that is also 
conformally invariant, and it is the most general under the hypotheses above. 

For the gauge field we have that the term F^^^F^^" is the only one that can 
be added into the action, which will therefore be given by 

'S'clcctrodynainic — — J {jFapF"'^) ^/\g\dV (13) 

and this is the electrodynamic action and it is conformally invariant trivially. 
Finally, the Dirac spinorial action is given as usual by 

5matter = J [f {i^Y D - D pi^Y Me\dV (14) 

and this is the material action that in the massless case is conformally invariant. 
Notice that this total action with conformal invariance is uniquely defined. 
By varying the action with respect to the axial torsion one gets 

kqW^Wp = |?^7p7^ (15) 

coupling the axial torsion to the axial spin density of the Dirac spinor in terms 
of the coupling constant kg, as the torsion-spin density field equations. 
By varying with respect to the metric one gets 

-kqW^ {jg^'^W^ - W^'W°') + 
+kG [\9^''C''^'"'Ceapf, - C'^P^Cg^;' - C'^P^'^Rp, - 2V^V,C^^"'') - 
- (i^/^^F^ - Ft'PF°'p) = f (V^7{^V">'0 - V^°'i>Y^i>) + 

+1 (^?7^"7V'W"^^ - V^7^7?/'Wpg"'') (16) 

coupling the irreducible curvature to the traceless energy density of the spinor 
field in terms of the constant ka, as the curvature-energy density field equations. 
The variation with respect to the gauge potential gives 
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coupling the derivative of the gauge strength to the current of the spinor field 
in terms of the charge q, as the gauge-current field equations. 
And the variation with respect to the spinor field one obtains 

ihYVf^i: + fW^^Y^ = (18) 

as the massless spinorial field equations determining the behaviour of the mass- 
less spinor itself in terms of the constant h, as the spinorial field equations. 

As a final comment, we have to notice that in all field equations, the num- 
ber of independent fields and degrees of freedom is matched consistently, and 
in particular we remark that the spinorial field equations have characteristic 
equation given by the simplest ii^ — showing that the principle of causality is 
implemented correctly, according to the discussion reported in [15]. 

The whole system of field equations is called Cartan-Weyl-Maxwell-Dirac 
Field Equations, which we are next going to study. 

2.1 The Bosonic Interactions 

To begin our study of the previous system of field equations, we first notice 
that field equations ([T^ are a thoroughly new set of field equations, whose 
algebraic form implies that they are not field equations but constraints, so that 
consequently the torsion does not propagate out of matter as desired, and they 
can straightforwardly be inverted, so that they can be written in the form 

= (ife) ' (^7^7V'V^7m7V^)'' ?7p7V' (19) 

showing that the torsion tensor vanishes whenever the spinor fields themselves 
tend to approach zero: by employing this form of the torsion-spin coupling field 
equations, it is consequently be possible to have torsion substituted in terms of 
the spin density of the spinor field, so that all torsional contributions can be 
seen as spinorial field self-interactions, in all the remaining field equations. 
Then field equations (j20p become the usual field equations with extra terms 

-3ff"^(ii^)'(^7'V?7.^)^ (20) 

where the extra term expresses the spinorial field self-interactions vanishing 
when the spinors vanish; in this form of the curvature-energy coupling field 
equations the extra term has the form of the cosmological constant term. 
Field equations (PT|) are the usual set of field equations 

V^F^'" = qfrni^Yi' (21) 

as the gauge field equations we would have had in the standard case. 

But the most interesting case is given by the field equations becoming 

ihYV^i; - (0^) " ^YH^ipi^Y'' ^lui^Yi^ = o (22) 
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with massless spinorial self-interactions, and after the massless spinorial fields 
are split into left-handed and right-handed projections these massless spinorial 
self-interactions become left-handed and right-handed semi-spinorial mutual- 
interactions, consequently showing that the two chiral decompositions are in- 
tertwined dynamically precisely as if they were massive interactions. 

Notice that although general conformal models in torsionless limit are re- 
stricted with respect to the purely metric one [TB] , the present model in torsion- 
less limit and the purely metric one are actually the same. 

2.2 The Fermionic Behaviour 

Consider that field equations can be written as 

^hYV^.i^ - (ii^) " (?7''^V^7p^)"' ^^7.^7"^ - (23) 

but after a simple Fierz rearrangement also as 

1 1 

' -0 = (24) 

with massless spinorial self-interactions that are not only conformally invari- 
ant but also chirally invariant; from the conformal invariance we immediately 
have their renormalizability while from chiral invariance we know we can always 
choose the chiral gauge to give iijj-fip = so that ((24|) reduces to 

zn7^V^0-(igj)'(?0)^^ = O (25) 

showing that the extra term has the form of a potential of chiral gauge sponta- 
neous symmetry breaking, as those discussed in reference |17| : in particular, we 
also have to notice that these interactions are able to entail a dynamical form 
of the principle of exclusion, as discussed in [T5]. Also notice that in the weak 
field approximation where ipip — >■ the interaction disappears, showing that 
the weak-field case is recovered consistently, although no slow-speed regime can 
actually be obtained because of the intrinsic masslessness of the spinor field. 

Two of the most important consequences concern the behaviour of the solu- 
tions under certain rotationally invariant configurations and that of two spinors 
interacting between each other, as we are going to discuss. 

2.2.1 Rotationally-Symmetric Backgrounds 

The system of Dirac field equations is expected to display solutions that are 
localized, and accordingly stable compact solutions should find place in station- 
ary spherically symmetric spacetimes: in the past there have been discussions 
on this physical situation, and in such backgrounds Dirac matter fields have 
been considered in [Tni UHl [IB HI] > with gauge potentials in |23l |21j , with the 
extension to gravity in |25| and with the inclusion of torsion in [26] as torsion 
gives precisely rise to the non-linear self-interactions of the Dirac matter field. 

In the present section, we are going to consider a background with station- 
ary spherical symmetry, employing the Lie derivatives to see what is the most 
general restrictions that are imposed on the field equations and their fields in 
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this configuration: first of all, it is clear that in stationary spherically symmetric 
backgrounds there can be no angular component for any vector appearing in a 
field equation, in particular implying that the axial torsion only has the tempo- 
ral and radial components Wi and Wr that arc present; then, in the frame at 
rest with respect to the origin of coordinates, the metric is given by 

gtt = A^ grr = -B^ gee = -r^ g^^ = -r^{smef (26) 

while the tetrads are given by 

e^ = A el=B ej = r e| = rsin6' (27) 

in terms of two functions of the radial coordinate A and B and where the gamma 
matrices are in chiral representation; the electrodynamic potential too will have 
at most only the temporal and radial components, although through a deeper 
analysis it is possible to show that only the component 

At = <j> (28) 

in term of the function of the radial coordinate (j> can give electrostatic radial 
configurations; finally the spinor field will be taken in the general form 

\ rje^i J 

because this is the most general form for which the corresponding bilinear fields 



^-yl^ = V^^O^^ ^ 2(r?2 - p2) (31) 

iiP'j'tp = 4rjp sin (32) 
= 4r]p cos {^) (33) 



where the product rjp and the difference a — /3 depend on the radial coordinate 
alone are the most general to be compatible with the rotational invariance. 

Due to the conformal invariance of the metric background, it is known that 
we may always choose a conformal gauge in which AB = 1 which, although 
not really necessary, it would simplify the notations a bit; nevertheless having 
exploited the degrees of freedom of the conformal scaling, there will be no way 
to employ the conformal transformations for any further simplification. 

Finally, we notice that it is also possible to employ the gauge and chiral 
transformations to set a = /3 = providing powerful simplifications. 

We see that from the spinorial bilinears above and with these symmetries, the 
additional scalar and pseudo-scalar bilinears are given to verify the relationships 

2 

ip^'^tl)ip^a'4' = -'^I'^ii^i^iaii' = (V'V') = 'i-Qv^p^ (34) 

showing again that everything depends only on the radial coordinate alone, and 
from which it is clear that in order to preserve the torsionally induced spinorial 
self-interactions in the field equations the conditions tpip ^ will have to be 
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(29) 



imposed, which would become the conditions rj ^ and p 7^ to be taken as 
the conditions upon which the entire reasoning we are going to follow will rely. 

By plugging these fields into the fermionic field equations we get them split 
into the left-hand and right-hand projections given by the expressions 



V 64fcQ 



* I 64feQ 



in(^) (-,e'4) 



= 



(35) 



{^) ' cos (V) (-,e^4) _ . (^) ^ sin (^) (,e^l) 



/ sin 6 



sm dip \ 



smf 



= 



(36) 



:os(^) (-Pe^t)-.(^)%in(^)( 



= 



(fS^)^cos(^) (pe^f)-.( 



64kQ 



1 



1 



at; 



V sin 0rye* 



sin cStp 



^Vsin Orje 







(37) 



(38) 



as it is easy to check with a direct substitution, and by adding (|35p to and 
equation (|37p to (j38p one gets in particular the angular field equations given by 



(^Vsir 



sin 9 dip 



^Vsir 



= 

^ (Vii^^e'4) + (Vih^Tye^l) = 

in which the gauge a = /3 = would then provide the condition 

^(sin^pT?) =0 



(39) 
(40) 

(41) 



which have to be valid with 7^ and p 7^ simultaneously; this condition 
becomes cos0 — since the term -qp does not depend on any angle: this is 
impossible for generic values of the elevation angle, and a contradiction follows. 

It is possible to extend these results to the case in which static spherically 
symmetric spacetimes are not only isotropic with respect to a single point but 
to every point and therefore also homogeneous: in this case, we have that the 
bilinear fields tp^'^ip and may only possess the temporal components in 

order to be compatible with the rotational and translational invariance. 

Now the spinorial identity ip^^^ipipff^ip + V'7''7''/'V'7a'7V' = immediately 
gives us that = '07'^'0V'7ai'0 + '07^7'0V'7Ai7'0 = |V'7°'0P + implying 
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in particular that = ipj^^p = but because the quantity ip^tp = is strictly 
positive defined we have that the solution -0 = alone is ultimately possible. 

It is even easier to see how we can extend these results to the case in which 
isotropic-homogeneous spacetimes are in particular Minkowskian spacetimes, as 
in this case no dynamical consideration nor algebraic argument is needed, since 
the very presence of the two vectors tp'y'^ip and ■ipj^^jil; is enough to see that 
the system is not compatible with the Poincare symmetry of the spacetime. 

This result can be summarized in a no-go theorem stating that rotationally 
and rototraslationally invariant and even flat backgrounds are all incompatible 
with spinorial self-interacting fields when all interactions are accounted. 

This theorem has already been demonstrated for the non-conformal Dirac 
equation in reference |27j where we also remarked that it might not be valid for 
general conformal Dirac equations [5H], although it happens to be recovered for 
the special conformal Dirac equation we have obtained here. 

2.2.2 Weakly-Interacting Matter 

The model we have presented here gives rise to a Dirac equations with renormal- 
izable chiral interactions structurally analogous to those present in the standard 
model, and the fact that these interactions in the standard model are due to the 
SU{2)l gauge symmetry while here they come from torsion makes it possible 
to think that if the SU{2)l gauge fields are not after all fundamental then they 
may be composite in terms of torsion: in the past this situation was actually 
conjectured, for instance as discussed in references [2^ I5U1 fSTl [5^ [551 134| . 

Quite recently, the fact that from torsionally-induced interactions it is indeed 
possible to get weak-like forces has been proven for the non-conformal Dirac 
equation in references |35l 1361 137) and due to the particular structure of the 
torsion interaction such weak force can be obtained for the special conformal 
Dirac equation we have obtained here as well. 

Conclusion 

In this paper, we have considered axial torsion with no conformal transforma- 
tions and we have insisted on the fact that no derivatives of the axial torsion 
should be present in the action; the metric was taken with the standard confor- 
mal transformation and implemented in the action in terms of the purely metric 
curvature conformal tensor; gauge conformal fields were added; massless spinors 
were taken eventually: with this field content, a unique action invariant under 
conformal transformations was obtained, in which the absence of any coupling 
between torsion and metric curvature or derivative of torsion provided torsional 
field equations in which there was no metric curvature and torsion appeared 
algebraically, so that torsion did not propagate out of matter and they could 
be inverted as to make it possible to have torsion substituted in terms of the 
spin density of the spinor field in all other field equations; the curvature field 
equations were given in terms of the energy density of the spinor field plus 
extra terms proportional to the spinor field bilinears and having the form of 
the cosmological constant term; the gauge field equations were unmodified as it 
might have been expected; the Dirac equations were given in terms of massless 
spinorial self-interactions for which the two chiral decompositions were inter- 
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twined dynamically as for massive interactions. We have seen that for the Dirac 
equations, the spinorial self-interactions gave rise to non-linearities that were 
incompatible with rotationally-symmetric backgrounds; and that these interac- 
tions could be written with a structure that was formally equivalent to that of 
the weak forces: these results were already known for the non-conformal model 
and in this paper they have been extended to the specific conformal model pre- 
sented here. Further questions regarding the extension to the standard model 
of cosmology and particle physics are already being addressed. 

In developing the most general geometric background that is supposed to 
constitute the basis upon which to construct physics and if the geometry is re- 
quired to be conformal so to have a physics that is renormalizable, then one 
is compelled to consider the axial torsion with no conformal transformations, 
and if torsion is to have no propagation out of matter as to be compatible with 
all observations, then one is forced to have no derivatives of the axial confor- 
mal torsion in the action; if one wishes to consider renormalizable physics with 
the proper torsionless limit, then these are unavoidable requirements that alone 
would make this model intriguing: but moreover, these requirements lead to- 
ward a uniquely defined action that yields renormalizable field equations whose 
solutions are those we would have had in the torsionless case plus additional 
spinorial self-interactions, providing non-linearities that are capable of endowing 
the system with very interesting consequences. In view of these considerations, 
this model clearly appears to be one of the simplest and yet most powerful 
alternatives to the standard theory of gravity with electrodynamics for Dirac 
spinors, and it certainly deserves further attention. 
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